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Abstract
Situations analogous to some classical characterization are investigated, of topological spaces X
for which Cp(X) belongs to a given coreflective class C of locally convex spaces. For instance, if C
contains all strong Mazur spaces and is contained in the class of weak Mazur spaces, then Cp(X)
belongs to C iff X is realcompact. If C is the coreflective hull of Rω and X is a P-space, then Cp(X)
belongs to C iff X is realcompact.
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In the present paper, Cp(X) denotes the locally convex space of real-valued continuous
functions on a Tychonoff space X, where both the linear and topological structures are
inherited from the canonical embedding of Cp(X) into RX.
Recall the following results for locally convex spaces (LCS):
Theorem 1 (Mrówka [16], V. Pták (unpublished)). Cp(X) is a Mazur space (i.e., linearly
sequential) iff X is realcompact.
Theorem 2 (Buchwalter and Schmets [4]). Cp(X) is barrelled iff every relatively
pseudocompact subset of X is finite.
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Theorem 3 (Schmets [18]). Cp(X) is a bornological space iff X is realcompact.Similar results are known for some other classes of LCS like quasi-barrelled or
ultrabornological spaces (see, e.g., [18,6]). All the mentioned classes of locally convex
spaces form coreflective classes in LCS and so, a general question may be
Question 1. For a given coreflective class C in LCS characterize those topological spaces
X with Cp(X) ∈ C .
In two of the above theorems, realcompactness of X characterizes the required
properties of Cp(X). So, we may ask a “subquestion”:
Question 2. For what coreflective classes C in LCS, Cp(X) ∈ C iff X is realcompact?
We shall give partial answers to both questions. In some situations, this investigation
brings new looks or unified proofs. Complete answers for discrete spaces X to both
previous questions are given in [10] (see the next part of this introduction).
We shall now recall some concepts and terminology. Most of the concepts and terms
used in this paper come from the books [12,20] (topological linear spaces), [7] (general
topology) and [1] (category theory). We want to specify at this place that all the topological
spaces considered are Tychonoff.
A nonzero cardinal κ is called measurable if there exists a nontrivial κ-additive two-
valued measure on κ vanishing on singletons (κ-additivity of µ means that µ(⋃I Ai) =∑
I µ(Ai) for every disjoint family {Ai}I in κ with |I | < κ). Realize that ω is measurable
by our definition (it seems to be convenient for formulations of our results to include ω
among measurable cardinals).
We shall index measurable cardinals by ordinals: mα is the αth measurable cardinal.
Thusm0 = ω0 andm1 is the usual Ulam measurable cardinal (all cardinals less thanm1 are
called Ulam nonmeasurable). The cardinalmα+1 is the first cardinal admitting a nontrivial
m+α -additive two-valued measure being zero on points. It is known that κ <mα+1 iff every
ultrafilter on κ that is closed under mα intersections, has a nonempty intersection; in other
words, iff a discrete space of cardinality κ is mα-compact, i.e., can be embedded as a
closed subspace into a product of subspaces of Tychonoff cubes of weight at mostmα . The
analogous characterization of κ <mα for a limit α uses sup{mβ : β < α} instead of mα−1.
It is convenient to use the language of category theory for our investigation. Every
subcategory will be full and so it suffices to speak about subclasses of objects instead
of subcategories. We shall work in the category LCS of locally convex topological linear
spaces over R and continuous linear maps.
Since R is a retract of Cp(X) whenever X is nonempty and we are interested in
those coreflective classes containing Cp(X), we shall always assume that our coreflective
classes C contain R or, equivalently, that C are bicoreflective. We are thus avoiding classes
composed of spaces having zero dual. Bicoreflectivity means that the coreflective maps
are linear isomorphisms, i.e., that for every space X ∈ LCS there exists a finer space cX
belonging to C such that every continuous linear mapping from a space in C to X is
continuous already into the finer space cX. Equivalently, C are closed under inductive
M. Hušek / Topology and its Applications 146–147 (2005) 267–278 269
generation, i.e., under quotients, direct sums (all in LCS) and contain the finest locally
convex spaces. Every class of spaces from LCS has a coreflective hull in LCS.
The subclasses of locally convex spaces consisting of barrelled spaces or of bornological
spaces or of Mazur spaces or of Mackey spaces (or of some of their generalizations like
quasi-barrelled, semi-bornological, C-sequential spaces), are all coreflective. Whenever
one has a class F (closed under compositions) of linear maps into some Banach spaces
containing all continuous linear maps into those Banach spaces, then the class CF =
{E: every f ∈F defined on E is continuous} is coreflective in LCS (and every coreflective
class in LCS can be characterized in this way for a convenientF ). Recall that bornological
spaces are determined (in the sense described above) by bounded linear maps into Banach
spaces, semibornological spaces by means of bounded linear functionals, C-sequential
spaces by means of sequentially continuous linear maps into Banach spaces, Mazur spaces
by sequentially continuous linear functionals, Mackey spaces by weakly continuous linear
maps into Banach spaces, barrelled spaces by linear maps with closed graph, quasibarrelled
by bounded linear maps with closed graph, and so on.
Since finite products coincide with finite direct sums, every coreflective class is finitely
productive. We say that a subclass C of LCS is κ-productive if every product (in LCS)
of less than κ members of C belongs to C; finite (or countable) productivity is another
expression for ω- (or ω1-, respectively) productivity. Productivity number of a subclass C
of K is the smallest cardinal κ (if it exists) such that a product in K of κ-many objects
from C does not belong to C , otherwise it is a symbol ∞ that we consider to be bigger
than any cardinal in this case. Productivity number of C will be denoted by pC or just p
(thus, C is pC -productive). Very often (and it is our case of coreflective classes in LCS) one
may take powers of a space instead of products of spaces in the definition of productivity
numbers (take the sum of the coordinate spaces and realize that the original product is a
retract of the power of the sum). In the case of LCS, productivity numbers p have one more
property, namely no product of at least p many spaces from C having nontrivial separated
modifications, belongs to C; that follows from an important result of P. and S. Dierolf [5]
that a coreflective class C is κ-productive in LCS iff Rλ ∈ C for all λ < κ .
In [10] we have proved that productivity numbers of coreflective subclasses of LCS are
measurable cardinals (if instead of LCS one works in the category of topological linear
spaces, the productivity numbers are precisely the submeasurable cardinals). Clearly, for
every measurable cardinal mα there exists a smallest coreflective class having mα for its
productivity number, namely the coreflective hull of the class {Rκ : κ < mα} (we shall
denote that coreflective hull by Cα). Thus, Cα is the class of all locally convex spaces
that are quotients of direct sums of corresponding powers of R. Clearly, C0 (the smallest
coreflective class in LCS consisting of linear spaces endowed with the largest locally convex
topologies) is the coreflective hull of finite powers of R (in fact, R itself suffices) and C1
is the coreflective hull of nonmeasurable powers of R (in fact, the countable power of
R suffices). Of course, the coreflective hull of all powers of R is the smallest productive
coreflective class in LCS (we shall denote it by C∞).
The results of [10] imply the following answers to Questions 1 and 2 for discrete spaces
X (i.e., for powers RX):
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Theorem 4.(a) Let C be a coreflective class in LCS and X be a discrete space. Then Cp(X) ∈ C if and
only if Rmα ∈ C for each mα  |X|.
(b) A coreflective class C in LCS has the property “for discrete X, Cp(X) ∈ C iff X is
realcompact” if and only if Rω ∈ C and Rm1 /∈ C .
It follows from the result of Mackey [13] that the productivity number of the coreflective
class of bornological spaces in LCS is m1. Similar result for linearly sequential spaces
in LCS follows from [14]. The productivity number of the class of (quasi)barrelled or of
Mackey spaces is ∞.
A subset A of a topological space X is called relatively pseudocompact if restrictions
to A of continuous real-valued functions on X are bounded.
1. When Cp(X) belongs to C0 or to C1?
The case of coreflective classes having countable productivity number is relatively
simple. Realize that C0 coincides with the class of linear spaces endowed with the largest
locally convex topologies.
Theorem 5. Let the productivity number of a coreflective class C in LCS be countable.
Then Cp(X) ∈ C iff X is finite.
Proof. If X is finite, then Cp(X) = R|X| and, clearly, Cp(X) belongs to every coreflective
class in LCS. Suppose now that X is infinite and Cp(X) belongs to a coreflective class C .
We shall prove that Cp(X) inductively generates Rω and, hence, C has uncountable
productivity number.
Let g : Rω → Z be a linear map to a space Z from LCS such that gf is continuous
for every continuous linear map f :Cp(X) → Rω . We shall show that g is continuous.
Suppose not. Then there is a sequence {un} converging to 0 in Rω and a neighborhood U
of 0 in Z such that U ∩g({un}) = ∅. Take a symmetric neighborhood V of 0 in Z such that
V + V ⊂ U . Each un is a limit of the sequence {un · χ(Ak)}k , where Ak is the finite set of
integers less than k and χ(A) is the characteristic function of A. Now, either for each n the
point g(un) is a limit of {g(un · χ(Ak))}, or not. In the former case there are integers pn
for each n such that f (un · χ(Ak)) /∈ V for every k  pn (call it case 1). In the latter case
there is some n such that the sequence un − un · χ(Ak) converges to 0 as k → ∞ and its
g-image does not converge to 0 in Z (call it case 2).
Case 1. We may assume that each un has a finite number of nonzero coordinates. Since
X is infinite, there is a countable disjoint family {Gn} of open nonvoid open sets in X,
and let an ∈ Gn for each n. Define fn :X → R such that fk(an) = (uk)n, fk(x) = 0 if
x /∈⋃Gn and |fk(x)|  |(uk)n| if x ∈ Gn. Then fk → 0 in Cp(X). Take a continuous
map ϕ :Cp(X) → Rω defined by ϕ(f ) = {f (an)}. We have ϕ(fn) = un and gϕ(fn) must
converge to 0 in Z, which contradicts our assumption that g(un) does not converge to 0.
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Case 2. We may assume that for some u ∈ Rω, un = u ·χ(ω\An). Since X is infinite, there
is a countable discrete subset A = {an} in X. There are fn ∈ Cp(X) such that |fn| 1/n
and fn(ak) = 0 if k < n, fn(ak) = 1/n if k  n. Clearly, fn → 0 in Cp(X). Define a
continuous linear map ϕ :Cp(X) → Rω by ϕ(f ) = {n · (un)n · f (an)}. Then ϕ(fn) = un
and we have the same contradiction as in case 1. 
We do not know an inner characterization of those X for which Cp(X) belongs to the
class C1. We can provide special cases only. There is a characterization (easily proved) of
spaces from C1 similar to that of Mazur spaces: A locally convex space E belongs to C1 iff
a linear map from E into a Banach space is continuous provided it preserves convergence
to zero of sequences converging in E in a strong sense, namely, of sequences {xn} such that∑
rnxn converges for every choice {rn} ∈ Rω . H. Pfister called such maps ω-continuous
in [17].
Remark 6. Two necessary conditions for X with Cp(X) ∈ C1 follow from Theorems 3
and 2 (realize that C1 is contained in both the classes of bornological and of barrelled
spaces). First we shall look at barrelled spaces; they have the following characterization:
A LCS X is barrelled iff every linear map on X into a Banach space with a closed graph
is continuous. We can use that characterization to give a simple proof of the necessity of
Theorem 2 (we could not find that simple procedure in literature).
If Cp(X) is a barrelled space then relatively pseudocompact sets in X are finite.
Proof. Let A be an infinite relatively pseudocompact infinite subset of X and choose a
one-to-one sequence {an} from A. Define ϕ :Cp(X) → l∞ by ϕ(f ) = {f (an)}. Then ϕ is
linear, not continuous but has closed graph (thus Cp(X) is not barrelled). Perhaps, only
the last mentioned property should be proved: take a net {fi} converging to 0 in Cp(X)
and such that the net {ϕ(fi)} converges in l∞, say to {pn}; then {ϕ(fi)} converges to {pn}
pointwise and, consequently, all pn must be 0. 
Corollary 7. If Cp(X) ∈ C1 then relatively pseudocompact sets in X are finite.
Since C1 is a subclass of the class of bornological spaces, Theorem 3 implies that
whenever Cp(X) ∈ C1 the space X must be realcompact. We can prove that directly. Recall
that the dual of Cp(X) is the space denoted by Λ(X) in [3] and L(X) in [15]. L(X) is the
set of finite linear combinations of elements from X (i.e., a direct sum of |X| copies of R)
endowed with the weak topology with respect to Cp(X) (i.e., w∗-topology). The dual of
L(X) is Cp(X). The canonical image of X in L(X) makes X a closed subspace of L(X).
Proposition 8. If Cp(X) belongs to C1, then X is realcompact.
Proof. If Cp(X) belongs to C1, i.e., to the coreflective hull of Rω , then X belongs to the
epireflective hull of L(ω). Indeed, Cp(X) is a quotient of a direct sum of Rω = Cp(ω)
and, thus, its weak dual L(X) can be embedded as a closed subspace into a power of L(ω),
the weak dual of Cp(ω). But X is a closed subspace of L(X) and L(ω) is Lindelöf, thus
realcompact. Consequently, X must be realcompact. 
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The converse of Proposition 8 is not true as follows from Corollary 7 (e.g., Cp(R)
does not belong to C1). Nevertheless, the converse of Proposition 8 is true for the class
of P-spaces (i.e., of spaces with open Gδ-sets). The class of P-spaces is a class of spaces
having the property from Remark 6. Before proving our characterization, we shall recall
that a Tychonoff space X is a P-space iff every real-valued continuous function on X
factorizes via a discrete space. In fact, then every countable subset of Cp(X) factorizes
via a discrete space (of cardinality at most 2ω).
Theorem 9. Let X be a P-space. Then Cp(X) ∈ C1 iff X is realcompact.
Proof. Because of previous proposition, it remains to show that Cp(X) belongs to C1
provided X is a realcompact P-space. So, let X be a realcompact P-space and take a linear
map ψ on Cp(X) into a locally convex space Z such that every composition of ψ with a
linear continuous map of Rω into Cp(X) is continuous. To prove that ψ is continuous, it
suffices to show that it is sequentially continuous. Thus, take a sequence {fn} converging
to 0 in Cp(X). By the previous observation, there are a discrete space D of cardinality at
most 2ω, a sequence {gn} in Cp(D) = RD and a continuous surjection h :X → D such
that fn = gnh. Clearly, gn → 0 in RD , so that (ψh∗)(gn) → 0, where h∗ : RD → Cp(X)
is induced by h (realize that RD belongs to C1). Since (ψ h∗)(gn) = ψ(gn h) = ψ(fn), we
have ψ(fn) → 0, which was to prove. 
There are examples of P-spaces of small cardinalities that are not realcompact (see,
e.g., [8]). It remains to answer a question whether there are realcompact non-P-spaces
X such that Cp(X) ∈ C1. The space X must have only finite compact subsets. One of
such candidates is the countable subspace Nη ⊂ β(ω) being a union of ω and one free
ultrafilter η.
Question 3. Does Cp(Nη) belong to C1?
To know more about relations between Cp(Nη) and C1 we must investigate maps from
R
ω into Cp(Nη).
Lemma 10. There is a one-to-one relation between the set of linear continuous maps from
R
ω to Cp(X) and continuous maps from X to L(ω).
Proof. For continuous g :X → L(ω) we denote by ϕg a continuous linear map Rω →
Cp(X) defined by ϕg(a)(x) = g(x)(a). For a linear continuous map ϕ : Rω → Cp(X)
we denote by gϕ a continuous map X → L(X), the restriction to X of the dual map
ϕ′ :L(X) → L(ω).
It is easy to show that gϕg = g and ϕgϕ = ϕ for every corresponding g or ϕ,
respectively. 
If we regard L(ω) as the direct sum of countably many R’s, i.e., as the subset R#ω of Rω
of sequences having finitely many nonnull values, then we may regard the value g(x)(a)
in the definition of ϕg as the scalar product of two sequences, where g(x) is finite. The
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convergence in L(ω) is stronger than that one obtained from being a subset of Rω, namely,
a net {λi} in L(ω) converges to zero if the net of scalar products {λi · a} converges to zero
for every a ∈ Rω .
We come back to the spaces Nξ . We are able to prove that Cp(Nξ ) does not belong to C1
whenever ξ is a P-ultrafilter (i.e., for any partitionA of ω there is a member of ξ that either
belongs to A or meets every member of A in a finite set). Maybe, if the ultrafilter ξ is a
sum of different ultrafilters along another ultrafilter, then Cp(Nξ ) belongs to C1.
Proposition 11. If ξ is a free P-ultrafilter on N then Cp(Nξ ) /∈ C1.
Proof. Take a continuous map g : Nξ → L(ω) (we may assume that it maps the free
P-ultrafilter ξ to 0). There must be some A ∈ ξ and a k ∈ ω such that for all n ∈ A the
functions g(n) on ω into R are 0 on [k,→). Suppose not. Define Bn to be subsets of N
consisting of those k ∈ N such that n is the last coordinate at which g(k) has nonzero value.
Then {Bn} is a partition of N and no Bn belongs to ξ . There is a B ∈ ξ meeting each Bn
in a finite set, say Kn. We shall now construct by induction a sequence {an} of reals such
that the mapping Nξ → R assigning 0 to ξ and the scalar product g(k) · {ak} to k is not
continuous, thus contradicting continuity of g.
There is a real number a1 such that |g(k)(1) · a1|  1 for each k ∈ K1 (realize that
g(k)(n) 	= 0 exactly for n = 1 in our case). Suppose now that we have constructed
a1, . . . , an−1 such that |∑n−1i=1 aig(k)(i)|  1 for all k ∈ Ki , i = 1, . . . , n − 1. Let Kn =
{k1, . . . , km}. Denote pj =∑n−1i=1 aig(kj )(i) and qj = g(kj )(n). There certainly exists a
real number an such that |pj + qjan| 1 for every j = 1, . . . ,m. Consequently, we have
found {an} ∈ Rω such that |g(k) · {an}|  1 for every k ∈ B , which implies that g is not
continuous.
Our property of A entails that the induced map g∗ : Rω → Cp(Nξ ) factorizes via a finite
subproduct Rk and so it is continuous into the largest linear topology on the set Cp(Nξ )
that differs from the topology of pointwise convergence. 
2. When Cp(X) ∈ C iff X is realcompact?
Following [11] and [20] we shall call a LCS-space E a Mazur space if every its
sequentially continuous linear functional is continuous. Theorem 1 for metric spaces X
was announced by Mazur in 1946 but his proof has never been published. Later on,
Mrówka and V. Pták proved Theorem 1 independently (see [16]; V. Pták told to the present
author that he decided not to publish his proof after he heard about the other proof by
Mrówka; see also [11] for related questions). Mrówka uses ˇCech–Stone compactifications
for his factorizations in the proof. We shall show here another approach that will prove the
assertion for other coreflective classes, too. Recall that a locally convex space E is said
to be bornological if every bounded linear map of E into arbitrary locally convex space
(Banach spaces suffice) is continuous.
In [9], Mazur-like coreflective classes were defined. For instance, the classes of
bornological spaces, of superbornological spaces, of Mazur spaces, of C-sequential spaces,
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etc., are Mazur-like classes. It is shown there that Mazur-like classes C are exactly m1-
productive, i.e., for discrete spaces D we have Cp(D) ∈ C iff D is realcompact. The
analogous result for nondiscrete spaces does not hold because one of the Mazur-like classes
(namely the weak Mazur-like class) contains the space Cp(ω1) for nonrealcompact space
ω1. Nevertheless, for many other Mazur-like classes C it is true that Cp(X) ∈ C iff X is
realcompact.
In the introduction, we have described a characterization of coreflective classes CF by
means of classes F of linear maps. We shall now try to find as big as possible class F
and as small as possible class G such that whenever we have a coreflective class C in LCS
containing CF and contained in CG , then Cp(X) ∈ C iff X is realcompact. Of course, every
space from CF should be bornological and every Mazur space should belong to CG .
Proposition 12. There is a smallest coreflective class C such that Cp(X) ∈ C iff X is
realcompact. The class C is inductively generated by the space Cp(Rω) as well as by
Cp(R).
Proof. If the requested class C exists, it must contain all the spaces Cp(X), where X is
realcompact, hence the coreflective hull C ′ of such Cp(X). Since every realcompact space
X can be C-embedded as a closed subspace into a power of R, its function space Cp(X) is
a quotient of Cp(Rκ) for some cardinal κ . Every Cp(Rκ) is inductively generated (in LCS)
by Cp(Rω) and so C ′ is the coreflective hull of Cp(Rω).
We now show that C ′ coincides with the coreflective hull of Cp(R). It is clear that
Cp(R) is a quotient of Cp(Rω) and so, it remains to prove that Cp(Rω) is inductively
generated by continuous linear maps from Cp(R). If h is a linear map from Cp(Rω) into a
Banach space B that is not continuous, then there is a strong null sequence {fn} in Cp(Rω)
such that h(fn) is nonzero for every n (otherwise h would be continuous since Cp(Rω) is
s-Mazur). The supports coz(fn) form a point-finite family in Rω . Let {Cn} be a sequence
of disjoint open intervals in R having middle points cn = 1/n.
Assume first that all fn’s are bounded. Then we may define a continuous linear map
ϕ :Cp(R) → Cp(Rω) by
ϕ(f ) = f (0) +
∞∑
n=1
(
f (cn) − f (0)
)
fn/
(
2n‖fn‖∞
)
.
There are continuous functions gn on R having their supports in Cn and such that
ϕ(gn) = fn. Consequently, the composition hϕ is not continuous.
Assume now that all fn’s are unbounded. Define fn,k = sup{−k, inf{k,fn}}. Then
fn,k → fn as k → ∞ and if h(fn,k) → h(fn) for each n, we may use, for convenient
sequence {kn}, bounded functions fn,kn instead of fn in the previous paragraph and
again we are ready. So, assume that for some n, h(fn,k)  h(fn) as k → ∞. Define
gk = fn − fn,k . Then {gk} is a strong null sequence and, moreover, it is equicontinuous.
Consequently, the mapping
ϕ(f ) = f (0) +
∞∑
n=1
(
f (cn) − f (0)
)
fn/2n
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is a continuous linear map ϕ :Cp(R) → Cp(Rω) and, again, the composition hϕ is not
continuous.
It remains to prove that if Cp(X) ∈ C then X is realcompact. If Cp(X) is a quotient of
a direct sum of spaces Cp(R), then X can be embedded as a closed subspace into a power
of L(R). The last space is realcompact (in fact, Lindelöf), which finishes proof. 
We do not know a simple inner characterization of the class C from Proposition 12,
neither its characterization as a class CF . We shall now describe a class of type CF that is
very close to C (maybe, equal to C). Call a sequence {xn} in a locally convex space E strong
null sequence if for any sequence {rn} of reals the sequence {rnxn} is bounded. In normed
spaces, every strong null sequence is eventually zero. In Cp(X), a sequence {fn} is strong
null iff the family {coz(fn)} is point-finite in X (realize that this is a weaker condition than
that used in characterization of spaces from C1: for every sequence {rn} of reals the sum∑
rnxn converges). We shall call a locally convex space E s-Mazur if every linear map
on E into a locally convex space (Banach spaces suffice) mapping strong null sequences
into bounded sets (or, equivalently, into (strong) null sequences) is continuous. If the image
space is normed, then such a mapping must map strong null sequences into eventually zero
sequences. The next theorem implies that Cp(R) is s-Mazur and so every space from C
mentioned in Proposition 12 is s-Mazur. We do not know whether the converse holds:
Question 4. Is every s-Mazur space inductively generated by Cp(R)?
Can we enlarge the class of Mazur spaces to a coreflective class C such that Cp(X) ∈ C
iff X is realcompact? It means to find stronger properties than sequential continuity
that would be convenient to our purposes. One such a property (in TOP) was described
by Arhangel’skii [2] who also proved that if Cp(X) has that property then X must be
realcompact (the converse implication was proved by Uspenskii [19]); in fact, more general
results for higher cardinals are proved in both quoted papers. We shall restrict that property
for linear maps only and call the resulting spaces w-Mazur:
A locally convex space E is called w-Mazur if a linear functional f :E → R is
continuous provided that every restriction of f to a countable subset A is continuous (or
uniformly continuous).
Arhangel’skii used a stronger condition, namely that every restriction of f to a
countable subset extends to a continuous function on E. Due to linear structures we are
dealing with, both conditions are equivalent in our case. One can ask even more, namely
the set A from the definition of weakly Mazur spaces can have larger cardinality depending
on a degree of compactness of X: If κ is the smallest cardinal that X is κ-compact in the
sense of Herrlich, then we may assume for A to be of any cardinality less than κ . We shall
not use this approach in the sequel.
Clearly, every separable locally convex space is w-Mazur, which implies that there are
w-Mazur spaces that are not Mazur spaces. Since every infinite-dimensional normed space
is bornological and not s-Mazur, the next result is a generalization of Theorems 3 and 1 (or
of its form for semi-bornological, ultrabornological, C-sequential and other spaces).
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Theorem 13. Let C be a coreflective class of locally convex spaces containing all s-Mazur
spaces and contained in the class of w-Mazur spaces. Then Cp(X) belongs to C iff X is
realcompact.
Proof. If X is not realcompact we take ξ ∈ υX \ X and define ϕξ :Cp(X) → R by
ϕξ (f ) = υ(f )(ξ), where υX is the Hewitt–Nachbin realcompactification of X and υ(f )
is the continuous extension of f :X → R onto υX → R. Then ϕξ is not continuous and
it remains to show that its restriction to any countable set is continuous. Take a sequence
{gn} ⊂ Cp(X) and denote Gn,k = (υgn)−1((υgn(ξ)− 1/k,υgn(ξ)+ 1/k)). Since ξ ∈ υX
we have X ∩⋂n,k Gn,k 	= ∅ and any point x from that intersection gives a continuous
mapping ϕx with ϕx(gn) = ϕξ(gn) for all n. Consequently, the restriction of ϕξ to {gn} is
continuous and, thus, Cp(X) is not w-Mazur.
Suppose now that X is realcompact. We want to prove that Cp(X) is s-Mazur. Let
ϕ :Cp(X) → B be a linear mapping preserving strong null sequences, where B is a Banach
space. We must prove that ϕ is continuous. Denote by J the following subset of X:
J = {x: ∀ neighborhood Ux∃g ∈ Cp(X) with g  (X \ Ux) = 0, ϕ(g) 	= 0
}
.
The set J must be finite because otherwise we would find a disjoint countable system of
open sets {Gn} in X all meeting J , and a system {gn} in Cp(X) such that each gn has its
support in Gn and ϕ(gn) = n—but {gn} is a strong null sequence, which contradicts the
property of ϕ.
If we prove that ϕ factorizes via RJ , say as ψ prJ , we are ready since both ψ and prJ
are continuous (every linear map on RJ is continuous). So, assume that f ∈ Cp(X) and f
is 0 on J . We must show that ϕ(f ) = 0. 
Assume that ‖ϕ(f )‖ = 1. We say that a zero set Z in X disjoint with J has the property
P if for each cozero set C ⊃ Z there exists g ∈ Cp(X) with support in C and such that
ϕ(g) 	= 0.
Claim. There exists a countably complete ultrafilter of zero sets composed of sets with P .
This claim gives the required contradiction. Since X is realcompact, the ultrafilter from
claim has a point, say z, for its intersection. Since z /∈ J there is a neighborhood U of z
such that no zero subset of U has P . Since U contains a nonempty zero set Z containing z,
there must be some Z′ ∈Z disjoint with Z, thus not containing z, which is a contradiction.
Proof of claim. First we show that there exists a zero set Z0 having P and such that from
two disjoint zero sets Z′,Z′′ ⊂ Z0 at most one has P . Indeed, otherwise we could construct
disjoint sequences {Zn} of zero sets having P and {Cn} of their cozero neighborhoods. If
we take the corresponding maps gn vanishing outside Cn and having nonzero ϕ-values,
then {gn} is a strong null sequence meanwhile {ϕ(gn)} is not.
We shall now show that if a zero set Z does not have P , then there exists a disjoint
zero set Z′ ⊂ Z0 having P . We know from the definition of P-property that there exists
a cozero set C ⊃ Z such that ϕ(g) = 0 for each g ∈ Cp(X) having its support in C. Find
cozero C1 and zero Z1 such that Z ⊂ C1 ⊂ Z1 ⊂ C. We shall show that Z′ = Z0 \ C1
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has P . Take any cozero C′ ⊃ Z′ with C′ ⊂ X \Z. Find h ∈ Cp(X) vanishing on X \C and
having value 1 on Z1, and some g ∈ Cp(X) having its support in C1 ∪ C′ with ϕ(g) 	= 0.
Then ϕ(h ·g) = 0 since coz(h ·g) ⊂ C and, therefore ϕ(g−h ·g) 	= 0. Clearly, the support
of coz(g − h · g) ⊂ (X \Z1) ∩ (C1 ∪ C′) ⊂ C′ \Z1 ⊂ C′ and we are done.
Take the collection Z of zero sets {Z ⊂ Z0: Z has P}. It is a filter base of countably
complete zero-ultrafilter. The first paragraph of the proof of this claim implies not only that
the intersection of two members of Z is nonempty but that it belongs to Z (otherwise, for
a convenient cozero C ⊃ Z′ ∩Z′′ both disjoint zero sets Z′ \C and Z′′ \C would have P).
So we have that Z is a filter base and the previous paragraph gives its maximality with
respect to zero sets. It remains to show that Z is countably complete. If not, we can find
decreasing sequences {Zn} ⊂ Z and {Cn} of cozero sets with Cn ⊃ Zn, both with empty
intersection. We find ψn ∈ Cp(X) having support in Cn and nonzero ϕ-values and realize
that again {ψn} is strongly null but that is not true for its ϕ-image. 
Corollary 14. Let C be a coreflective class in LCS consisting of bornological (or Mazur, or
C-spaces or semibornological or ultrabornological spaces, respectively). Then Cp(X) ∈ C
iff X is realcompact.
3. When Cp(X) belongs to C∞?
The title of this section asks something new only if m1 exists. In case the Ulam
measurable cardinal does not exist in the model of set-theory we work in, then C∞
coincides with C1.
C∞ is the smallest productive coreflective class in LCS and so, it is contained in the
class of barrelled spaces or of Mackey spaces. Thus, if Cp(X) ∈ C∞, then every relatively
pseudocompact subset of X must be finite by Theorem 2 (or by Remark 6). If Cp(X) ∈ C∞
then Cp(X) is inductively generated in LCS by all powers Rκ (measurable cardinals suffice
instead of all κ) and, consequently, X can be embedded as a closed subspace into a product
of some spaces Cp(Rκ ) or of some L(κ). The last space is Dieudonné complete and so,
every space X for which Cp(X) ∈ C∞ must be Dieudonné complete and every its relatively
pseudocompact subset must be finite. The last conditions are not sufficient (at least under
CH) since Cp(Nξ ) cannot belong to C∞ for P-ultrafilters ξ . Indeed, if f : Rκ → Cp(Nξ )
is a continuous linear map, it depends on a subproduct Rλ with λ Ulam nonmeasurable;
consequently, if Cp(Nξ ) belongs to C∞, it would belong to C1, which is impossible by
Theorem 11.
Question 5. Characterize those X for which Cp(X) ∈ C∞.
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